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THE GABOR WAVE FRONT SET
LUIGI RODINO AND PATRIK WAHLBERG
Abstract. We define the Gabor wave front setWFG(u) of a tem-
pered distribution u in terms of rapid decay of its Gabor coefficients
in a conic subset of the phase space. We show the inclusion
WFG(a
w(x,D)u) ⊆WFG(u), u ∈ S ′(Rd), a ∈ S00,0,
where S0
0,0 denotes the Ho¨rmander symbol class of order zero and
parameter values zero. We compare our definition with other def-
initions in the literature, namely the classical and the global wave
front sets of Ho¨rmander, and the S -wave front set of Coriasco and
Maniccia. In particular, we prove that the Gabor wave front set
and the global wave front set of Ho¨rmander coincide.
0. Introduction
Gabor frames are the appropriate tools for many problems in time-
frequency analysis, with applications in signal processing and related
issues in function space theory and numerical analysis, see for exam-
ple [6, 12–14, 16, 18, 23, 34, 36]. Recent applications of Gabor frames
concern also the analysis of partial differential equations and pseudo-
differential equations, [2–4, 7–9, 17, 30–32, 37, 38]. In the context of the
modern theory of linear partial differential operators, a basic ingredient
is the wave front set of a function, or distribution, as defined originally
in [20], the classical wave front set let us say, and modified subsequen-
tially in different forms, each adapted to the class of equations under
investigation. A natural question is how we may see wave front sets
in terms of Gabor frames, or the short-term Fourier transform. In
this direction let us mention [24,27,28], recapturing the classical wave
front set as the limit of sequences of wave front sets with respect to
modulation spaces.
Here we present a different notion, even more natural in the context
of time-frequency analysis, which we dub the Gabor wave front set.
Denote translation by Txf(y) = f(y − x), modulation by Mξf(y) =
ei〈y,ξ〉f(y), x, y, ξ ∈ Rd, and phase-space shifts by Π(z) = MξTx, z =
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(x, ξ) ∈ R2d. Consider for real parameters α, β > 0 the lattice Λ =
αZd × βZd ⊆ R2d. Fix a window function ϕ 6= 0 in the Schwartz space
S (Rd) and consider the Gabor system {Π(λ)ϕ}λ∈Λ, which is a frame
if α and β are assumed to be sufficiently small. We then turn attention
to the Gabor coefficients, defined for any tempered distribution u ∈
S ′(Rd):
(0.1) cλ = (u,Π(λ)ϕ), λ ∈ Λ.
For u ∈ S ′(Rd) we define the Gabor wave front set WFG(u) as a
conic subset of R2d \ {(0, 0)} in the following way:
(0.2)
We say that 0 6= z0 = (x0, ξ0) /∈ WFG(u) if there exists an open
conic neighborhood Γ ⊆ R2d \ {(0, 0)} of z0 such that
sup
λ∈Λ∩Γ
〈λ〉N |cλ| < +∞ ∀N ≥ 0.
Let us emphasize that cones are taken here with respect to the whole
of the phase space variables z = (x, ξ), i.e. z ∈ Γ ⊆ R2d \ {(0, 0)}
implies tz ∈ Γ for any t > 0. So in (0.2) we assign a symmetrical role
to translations and modulations, by imposing a uniform rapid decay of
the Gabor coefficients cλ for all the points of the lattice Λ belonging to
Γ.
It can be deduced from (0.2) the invariance under phase-space shifts:
(0.3) WFG(Π(z)u) = WFG(u) for every z ∈ R2d.
More generally we shall prove that if a symbol of a pseudodifferential
operator a belongs to the class S00,0, i.e. supz∈R2d |∂γz a(z)| is finite for
all multiindices γ ∈ N2d, then
(0.4) WFG(a
w(x,D)u) ⊆ WFG(u), u ∈ S ′(Rd),
where aw(x,D) is the Weyl quantization of a. The properties (0.3),
(0.4) are coherent with the time-frequency approach, but they may
certainly look striking, since, as is well known, the classical wave front
set is not invariant under translations, and the inclusion (0.4) may fail
for it when a ∈ S00,0.
We observe that the Gabor wave front set exists already, under a
completely different guise. In fact, in [22] Ho¨rmander introduced a
global wave front set for distributions u ∈ S ′(Rd), addressed to the
study of quadratic hyperbolic operators. A similar notion was used
in [25] in the study of propagation of micro-singularities for Schro¨dinger
equations.
With respect to the well known classical wave front set (cf. [20,21]),
the definition of the global wave front set in [22] has been, unfortu-
nately, almost ignored in the literature, whereas it will represent in-
deed the starting point of our discussion. So, in the next Section 1,
devoted to preliminaries, we present as a service to the reader a largely
3self-contained account of certain parts of [22], rededucing some results.
In Section 2, as an intermediate step between the Gabor wave front
set and the global wave front set of [22], we shall prove that WFG(u)
can be equivalently defined in a continuous setting by the short-time
Fourier transform, i.e. by allowing λ in (0.2) to belong to R2d. The
identity between the global wave front set and the Gabor wave front set
will be finally proved in Section 3. Our arguments will show that the
estimates (0.2) do not depend on the choice of the nonzero Schwartz
window function ϕ as long as ϕ and Λ generate a frame. Combining
with the results in [16,17,19,31,32], we shall also prepare the necessary
tools to prove in Section 4 the inclusion for a ∈ S00,0 and u ∈ S ′(Rd)
(0.5) WFG(a
w(x,D)u) ⊆WFG(u) ∩ conesupp(a),
strengthening (0.4). Such inclusions remained outside the results for
the global wave front set in [22], since attention was limited there to
the particular case of the Shubin symbols (cf. [33]). In some sense (0.5)
shows now that also the “bad” symbol class S00,0 can be micro-localized
by means of time-frequency methods, if the appropriate definition of
wave front set is chosen.
Section 5 is devoted to examples, in which we compareWFG(u) with
the classical wave front set and the S -wave front set of [11]. Though
we do not give applications of (0.5) in the present paper, we hope,
on the one hand, that the Gabor wave front set will be of some use
in Signal Theory. On the other hand, applications are possible in the
study of propagation of micro-singularities for Schro¨dinger equations:
(0.6) i∂tu = p
w(x,D)u, u(x, 0) = u0(x).
In particular when the real-valued Hamiltonian p(z), z = (x, ξ), in (0.6)
belongs to the class S20,0, i.e. ∂
γ
z p ∈ S00,0 for |γ| = 2, the Schro¨dinger
propagator is a Fourier integral operator of the type considered in [1]
(see [5,35]). We may then expect to combine our definition of WFG(u)
with the results of [8–10], analyzing such Fourier integral operators in
the context of Gabor frames.
1. Preliminaries
The transpose of a matrix A is denoted At, and the inverse transpose
of A ∈ GL(d,R) is written A−t. An open ball in Rd of radius δ > 0
centered at the origin is denoted Bδd = {x ∈ Rd : |x| < δ}, and the
unit sphere in Rd is denoted Sd−1 = {x ∈ Rd : |x| = 1}. The overline
A denotes either the closure of a measurable set A ⊆ Rd, or as in f
the complex conjugate of a function f on Rd, the choice being clear
from the context. The Fourier transform of f ∈ S (Rd) (the Schwartz
space) is defined by
Ff(ξ) = f̂(ξ) =
∫
Rd
f(x)e−i〈x,ξ〉dx,
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where 〈x, ξ〉 denotes the inner product on Rd. The standard multiindex
notation for partial differential operators is used, andD = (D1, . . . , Dd)
where Dj = −i∂/∂xj . As in the Introduction we denote translation by
Txf(y) = f(y − x), modulation by Mξf(y) = ei〈y,ξ〉f(y), x, y, ξ ∈ Rd,
and phase space translation by Π(z) =MξTx, z = (x, ξ) ∈ R2d.
The cross-Wigner distribution of f, g ∈ S (Rd) is defined by
W (f, g)(x, ξ) =
∫
Rd
f(x+ τ/2) g(x− τ/2) e−i〈τ,ξ〉 dτ, (x, ξ) ∈ R2d.
We abbreviate W (f, f) = W (f) and denote 〈x〉 = (1 + |x|2)1/2 for
x ∈ Rd. We write f(x) . g(x) provided there exists C > 0 such that
f(x) ≤ Cg(x) for all x in the domain of f and g. If f . g and g . f
then we use f ≍ g. For s ∈ R, the weighted Lebesgue space L1s(Rd) is
defined by the norm ‖f‖L1s(Rd) = ‖f〈·〉s‖L1(Rd). A set A ⊆ Rd is called
conic if it is invariant with respect to multiplication by all positive
reals.
Given a window function ϕ ∈ S (Rd) \ {0}, the short-time Fourier
transform (STFT) is defined by
Vϕf(z) = (f,Π(z)ϕ), f ∈ S ′(Rd), z ∈ R2d,
where (·, ·) denotes the conjugate linear action of S ′ on S , consistent
with the inner product (·, ·)L2 which is conjugate linear in the second
argument. The function z 7→ Vϕf(z) is smooth and bounded by C〈z〉k
for some C, k ≥ 0. If ϕ ∈ S (Rd), ‖ϕ‖L2 = 1 and f ∈ S ′(Rd), the
STFT inversion formula reads (cf. [16, Corollary 11.2.7])
(1.1) (f, g) = (2pi)−d
∫
R2d
Vϕf(z)(Π(z)ϕ, g) dz, g ∈ S (Rd).
This means that V ∗ϕVϕ = I on S
′(Rd) where the adjoint V ∗ϕ is defined
by
(V ∗ϕF, g) = (2pi)
−d(F, Vϕg), g ∈ S (Rd), F ∈ S ′(R2d).
We need a discrete version of the STFT inversion formula based on the
notion of Gabor frame [16], outlined as follows. As in the Introduction,
define for real parameters α, β > 0 such that αβ ≤ 2pi the lattice
Λ = αZd × βZd ⊆ R2d. For a window function ϕ ∈ L2(Rd) \ {0}
the collection {Π(λ)ϕ}λ∈Λ is called a Gabor frame for L2(Rd) provided
there exists constants A,B > 0 such that
(1.2) A‖f‖2L2 ≤
∑
λ∈Λ
|(f,Π(λ)ϕ)|2 ≤ B‖f‖2L2, f ∈ L2(Rd).
The Gabor frame operator
Sf =
∑
λ∈Λ
(f,Π(λ)ϕ) Π(λ)ϕ
5is then bounded, positive and invertible on L2(Rd). Using the canonical
dual window
ϕ˜ = S−1ϕ,
one can reconstruct f from its Gabor coefficients {(f,Π(λ)ϕ)}λ∈Λ as
(1.3) f =
∑
λ∈Λ
(f,Π(λ)ϕ) Π(λ)ϕ˜, f ∈ L2(Rd),
where the sum converges unconditionally in L2.
Let ϕ ∈ S (Rd) \ {0} and let α, β > 0 be sufficiently small so that
{Π(λ)ϕ}λ∈Λ is a Gabor frame for L2(Rd). Then ϕ˜ = S−1ϕ ∈ S (Rd)
as proved by Janssen [23].
By results of Feichtinger, Gro¨chenig and Leinert [14, 18], Gabor
frame theory extends to weighted modulation spaces, introduced by
Feichtinger [13], as follows. Let w ∈ L∞loc(R2d) be a positive weight
function, moderate in the sense of
w(z + ζ) . w(z)〈ζ〉n, z, ζ ∈ R2d,
for some n ≥ 0. If p, q ∈ [1,+∞] then the modulation space norm of
f ∈ S ′(Rd) is defined by
‖f‖Mp,qw =
(∫
Rd
(∫
Rd
|Vϕf(x, ξ)w(x, ξ)|p dx
)q/p
dξ
)1/q
if p, q <∞, and modified as usual if p =∞ or q =∞. The modulation
space Mp,qw (R
d) consists of all f ∈ S ′(Rd) such that ‖f‖Mp,qw < ∞. It
is a Banach space. Different windows in S (Rd) \ {0} yield equivalent
norms and we have the embeddings
S (Rd) ⊆Mp1,q1w1 (Rd) ⊆ Mp2,q2w2 (Rd) ⊆ S ′(Rd),
p1 ≤ p2, q1 ≤ q2, w2 . w1.
We abbreviate Mp,pw = M
p
w. The Gabor frame reconstruction formula
(1.3) extends to f ∈ Mp,qw (Rd), for all weighted modulation spaces
Mp,qw (R
d), p, q ∈ [1,+∞], with unconditional convergence in the norm
‖ · ‖Mp,qw for p, q <∞, and the weak unconditional convergence
(1.4) (f, g) =
∑
λ∈Λ
(f,Π(λ)ϕ) (Π(λ)ϕ˜, g), g ∈ S (Rd),
if p =∞ or q =∞. Moreover we have the norm equivalence
‖f‖Mp,qw ≍
∑
n∈Zd
(∑
k∈Zd
|Vϕf(αk, βn)w(αk, βn)|p
)q/p1/q , f ∈Mp,qw ,
for p, q <∞, and conventionally modified otherwise.
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The final fact concerning modulation spaces that we need is the
expression of S ′ as a union of weighted modulation spaces. If vs(z) =
〈z〉s for s ∈ R and z ∈ R2d then
(1.5) S ′(Rd) =
⋃
s≤0
M∞vs (R
d).
For a richer background on Gabor frames and modulation spaces we
refer to Gro¨chenig’s book [16].
Next we define the notion of conical support of a function, or distri-
bution, on Rn.
Definition 1.1. For a ∈ D ′(Rn) the conic support conesupp(a) is the
set of all x ∈ Rn \ {0} such that any conic open set Γx ⊆ Rn \ {0}
containing x satisfies:
supp(a) ∩ Γx is not compact in Rn.
It follows that conesupp(a) is a closed subset of Rn \ {0}. In the
sequel n = 2d.
For pseudodifferential operators we work with symbols in either the
Shubin classes Gm [33], or the Ho¨rmander classes Smρ,δ with the restric-
tion ρ = δ = 0 [15, 21]. First we discuss the Shubin classes.
Definition 1.2. For m ∈ R, Gm is the subspace of all a ∈ C∞(R2d)
such that for every α, β ∈ Nd there exists a constant Cα,β > 0 so that
(1.6) |∂αx∂βξ a(x, ξ)| ≤ Cα,β〈(x, ξ)〉m−|α|−|β|
is satisfied for every (x, ξ) ∈ R2d. Gm is a Fre´chet space with respect
to the seminorms defined by
sup
(x,ξ)∈R2d
〈(x, ξ)〉−m+|α|+|β|
∣∣∣∂αx∂βξ a(x, ξ)∣∣∣ , (α, β) ∈ N2d.
We have
⋂
m∈RG
m = S (R2d) and we denote G∞ =
⋃
m∈RG
m. Let
(aj)j≥0 be a sequence of symbols such that aj ∈ Gmj and mj → −∞ as
j → +∞, and set m = maxj≥0mj . Then there exists a symbol a ∈ Gm,
unique modulo S (R2d), such that
a−
n−1∑
j=0
aj ∈ Gm′n , n ≥ 1, m′n = max
j≥n
mj
(cf. [33, Proposition 23.1]). This is called an asymptotic expansion and
denoted a ∼∑j≥0 aj .
The Weyl quantization is the map from symbols to operators defined
by
aw(x,D)f(x) = (2pi)−d
∫∫
R2d
ei〈x−y,ξ〉a
(
x+ y
2
, ξ
)
f(y) dy dξ
for a ∈ S (R2d) and f ∈ S (Rd). The latter conditions can be relaxed
in various ways. In particular, if a ∈ Gm for m ∈ R then aw(x,D) is
7continuous on S (Rd), and extending by duality it follows that aw(x,D)
is continuous on S ′(Rd) [33]. By the Schwartz kernel theorem, any
continuous linear operator S (Rd) 7→ S ′(Rd) can be written as a Weyl
quantization for a unique symbol a ∈ S ′(R2d). The Weyl quantization
can be expressed in terms of the cross-Wigner distribution as
(1.7)
(aw(x,D)f, g) = (2pi)−d(a,W (g, f)), f, g ∈ S (Rd), a ∈ S ′(R2d).
The Weyl product # is the product on symbol pairs corresponding to
operator composition:
aw(x,D) bw(x,D) = (a#b)w(x,D).
The Weyl product is a bilinear continuous map
(1.8) # : Gm ×Gn 7→ Gm+n.
We have the following asymptotic expansion for the Weyl product of
a ∈ Gm and b ∈ Gn, m,n ∈ R (cf. [33, Theorem 23.6 and Prob-
lem 23.2]):
(1.9) a#b(x, ξ) ∼
∑
α,β≥0
(−1)|β|
α!β!
2−|α+β|Dβx∂
α
ξ a(x, ξ)D
α
x∂
β
ξ b(x, ξ).
We also need to consider the Kohn–Nirenberg quantization, defined
by
a(x,D)f(x) = (2pi)−d
∫
Rd
ei〈x,ξ〉a(x, ξ)f̂(ξ) dξ, a ∈ Gm, f ∈ S (Rd).
Since any continuous linear operator S (Rd) 7→ S ′(Rd) has a unique
Weyl symbol in S ′(R2d) as well as a unique Kohn–Nirenberg symbol
in S ′(R2d), a bijective mapping from the Kohn–Nirenberg symbol to
the Weyl symbol, denoted T , can be defined for such operators. This
means that
(1.10) a(x,D) = (Ta)w(x,D), a ∈ S ′(R2d),
and a ∈ Gm if and only if Ta ∈ Gm (cf. [33, Corollary 23.2]). Further-
more we have the asymptotic expansions for a ∈ Gm (cf. [33, Theorem
23.3])
Ta(x, ξ) ∼
∑
α≥0
1
α!
(
−1
2
)|α|
Dαx∂
α
ξ a(x, ξ),(1.11)
T−1a(x, ξ) ∼
∑
α≥0
1
α!
(
1
2
)|α|
Dαx∂
α
ξ a(x, ξ).(1.12)
Next we introduce the Ho¨rmander symbol classes.
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Definition 1.3. For m ∈ R, 0 ≤ ρ ≤ 1, 0 ≤ δ < 1, Smρ,δ is the subspace
of all a ∈ C∞(R2d) such that for every α, β ∈ Nd there exists a constant
Cα,β > 0 so that
(1.13) |∂αx∂βξ a(x, ξ)| ≤ Cα,β〈ξ〉m−ρ|β|+δ|α|
is satisfied for every (x, ξ) ∈ R2d. Smρ,δ is a Fre´chet space with respect
to the seminorms defined by
sup
(x,ξ)∈R2d
〈ξ〉−m+ρ|β|−δ|α|
∣∣∣∂αx∂βξ a(x, ξ)∣∣∣ , (α, β) ∈ N2d.
We will restrict to the special case ρ = δ = 0, i.e. Sm0,0. If a ∈ Sm0,0
then aw(x,D) is continuous on S (Rd) [15, Theorem 2.21], extends to
be continuous on S ′(Rd), and T defined by (1.10) maps Sm0,0 into itself
continuously [15, Theorem 2.37]. The Weyl product is continuous
(1.14) # : Sm0,0 × Sn0,0 7→ Sm+n0,0
(see e.g. [15, Theorem 2.47]), but due to the lack of improved decay
in ξ when differentiating with respect to ξ, neither the asymptotic
expansion (1.9) nor (1.11), (1.12) hold for Sm0,0. They do hold for S
m
ρ,δ
as soon as ρ > δ (see [15, Theorems 2.41 and 2.49]). For this lack
of powerful calculus rules, Smρ,ρ with 0 ≤ ρ ≤ 1 are considered to be
difficult symbol classes for pseudodifferential operators, whose analysis
requires techniques quite different from the calculus available for Smρ,δ
with 0 ≤ δ < ρ ≤ 1.
Ho¨rmander [22] introduced the following concepts in order to define
a global type of wave front set as a conic subset of the phase space.
Definition 1.4. Given a ∈ Gm, a point in the phase space z0 ∈
T ∗(Rd) \ {(0, 0)} is called non-characteristic for a provided there exists
A, ε > 0 and an open conic set Γ ⊆ T ∗(Rd) \ {(0, 0)} such that z0 ∈ Γ
and
(1.15) |a(z)| ≥ ε〈z〉m, z ∈ Γ, |z| ≥ A.
Remark 1.5. As in [22], the condition (1.15) could be replaced by the
apparently less restrictive condition
(1.16) |a(tz0)| ≥ ε1tm, t ≥ A1
for some A1, ε1 > 0, which actually implies (1.15) for an open conic set
Γ ⊆ T ∗(Rd) \ {(0, 0)} containing z0, and A, ε > 0. In fact, assuming
(1.16) for z0 6= 0, set for 0 < r < |z0|/2
Γ =
⋃
t>0
{
z ∈ R2d \ {0} : |z − tz0| < rt
}
.
By the mean value theorem and the estimates (1.6) there exists C > 0
that depends on m, z0, A1 but not on r such that, for t ≥ A1 and
9|z − tz0| < rt,
|a(z)− a(tz0)| ≤
√
2 |z − tz0| sup
|w−tz0|≤rt
|∇a(w)| ≤ tmCr,
and thus we have, using (1.16), for t ≥ A1 and |z − tz0| < rt,
|a(z)| ≥ |a(tz0)| − |a(tz0)− a(z)| ≥ ε1tm(1− Crε1−1) ≥ ε〈z〉m,
for |z| ≥ A, where A, ε > 0, provided r is chosen sufficiently small.
For a ∈ Gm we denote the characteristic set of a by char(a) and
define it as the set of all (x, ξ) ∈ T ∗(Rd) \ {(0, 0)} such that (x, ξ) is
not non-characteristic according to Definition 1.4. Note that
conesupp(a) ∪ char(a) = T ∗(Rd) \ {(0, 0)}, a ∈ Gm.
The definition of the global wave front set, which we shall simply
denote by WF (u) in the sequel, is as follows.
Definition 1.6. [22] If u ∈ S ′(Rd) then WF (u) is the set of all phase
space points (x, ξ) ∈ T ∗(Rd)\{(0, 0)} such that a ∈ Gm for somem ∈ R
and aw(x,D)u ∈ S implies that (x, ξ) ∈ char(a).
For the benefit of non-expert readers, we recall from [22] the basic
properties ofWF (u), rededucing some results. The setWF (u) is closed
and conic in T ∗(Rd) \ {(0, 0)}. We have (0, 0) 6= (x, ξ) /∈ WF (u) if and
only if there exists m ∈ R and a ∈ Gm such that aw(x,D)u ∈ S
and (x, ξ) /∈ char(a). According to the following result such a symbol
a ∈ Gm can be assumed to satisfy a ∈ G0, 0 ≤ a ≤ 1, and a(z) = 1
for z ∈ Γ and |z| ≥ 1, where Γ ⊆ T ∗(Rd) \ {(0, 0)} is open, conic and
z0 ∈ Γ.
Proposition 1.7. If 0 6= z0 /∈ WF (u) then there exists b ∈ G0 and an
open conic set Γ′′ ⊆ T ∗(Rd)\{(0, 0)} containing z0 such that 0 ≤ b ≤ 1,
b(z) = 1 for z ∈ Γ′′ and |z| ≥ 1, and bw(x,D)u ∈ S .
Proof. By assumption there exists a ∈ Gm, an open conic set Γ ⊆
T ∗(Rd) \ {(0, 0)} containing z0, and ε, A > 0, such that (1.15) holds
and aw(x,D)u ∈ S . The asymptotic expansion (1.9) gives a#a =
|a|2 + a′ where a′ ∈ G2m−2, and the assumption aw(x,D)u ∈ S gives
aw(x,D)aw(x,D)u ∈ S . We have for z ∈ Γ and |z| ≥ A, for some
C > 0,
|a#a(z)| ≥ |a(z)|2 − |a′(z)| ≥ ε2〈z〉2m − C〈z〉2m−2
≥ ε
2
2
〈z〉2m, |z| ≥ A1,
provided A1 > 0 sufficiently large. It follows from this argument that
we may assume Gm ∋ a = a0 + a1 where a1 ∈ Gm−1, a0 ∈ Gm, a0 ≥ 0,
and
a0(z) ≥ ε〈z〉m, z ∈ Γ, |z| ≥ A.
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Let Γ′,Γ′′ ⊆ T ∗(Rd) \ {(0, 0)} be open conic sets such that z0 ∈ Γ′′,
Γ′′ ∩ S2d−1 ⊆ Γ′, and Γ′ ∩ S2d−1 ⊆ Γ. Let
χ(z) = ψ(z)ϕ(z/|z|)
where ϕ ∈ C∞c (R2d), 0 ≤ ϕ ≤ 1, supp(ϕ) ⊆ Γ, ϕ(z) = 1 for z ∈
Γ′ ∩ S2d−1, and where ψ ∈ C∞(R2d) is a cutoff function with 0 ≤
ψ ≤ 1, ψ(z) = 0 for |z| ≤ 1/2 and ψ(z) = 1 for |z| ≥ 1. This
standard construction gives χ ∈ G0 such that 0 ≤ χ ≤ 1, supp(χ) ⊆ Γ,
conesupp(χ) ⊆ Γ, χ(z) = 1 when z ∈ Γ′ and |z| ≥ 1. Likewise we may
take b ∈ G0 such that 0 ≤ b ≤ 1, supp(b) ⊆ Γ′, b(z) = 1 when z ∈ Γ′′
and |z| ≥ 1. Set
b0(z) = χ(z)a(z) + (1− χ(z)) ε〈z〉m ∈ Gm.
For z /∈ Γ we have |b0(z)| = ε〈z〉m, whereas for z ∈ Γ and |z| ≥ A we
have, for some C > 0,
|b0(z)| = |χ(z)a0(z) + (1− χ(z)) ε〈z〉m + χ(z) a1(z)|
≥ χ(z)a0(z) + (1− χ(z)) ε〈z〉m − χ(z) |a1(z)|
≥ ε〈z〉m − C〈z〉m−1
≥ ε
2
〈z〉m,
in the last step after possibly augmenting A > 0. This implies that
b0 ∈ HGm,m which denotes the set of hypoelliptic symbols in Gm (cf.
[33, Definition 25.1]). According to [33, Theorem 25.1] there exists
c ∈ HG−m,−m such that c#b0 = 1 + r where r ∈ S (R2d). Therefore
b = b#c#b0 − b#r = b#c#a + b#c#(b0 − a)− b#r.
Since
b0 − a = (1− χ)(ε〈·〉m − a),
it follows that
supp(b) ∩ supp(b0 − a) is compact.
Hence by (1.9) we have b#c#(b0 − a) ∈ S (R2d). Taking into account
b#r ∈ S (R2d) and aw(x,D)u ∈ S , we obtain finally
bw(x,D)u = bw(x,D)cw(x,D)aw(x,D)u
+ (b#c#(b0 − a))w(x,D)u− (b#r)w(x,D)u ∈ S .

Remark 1.8. Note that the Kohn–Nirenberg quantization gives an equiv-
alent definition in Definition 1.6. In fact, if there exists a ∈ Gm such
that aw(x,D)u ∈ S and 0 6= z0 /∈ char(a), then there exists an open
conic set Γ ⊆ T ∗(Rd) \ {(0, 0)} containing z0 such that (1.15) holds for
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some ε, A > 0. From (1.12) we obtain T−1a = a + b where b ∈ Gm−1,
and therefore for z ∈ Γ and |z| ≥ A, we have fore some C > 0∣∣(T−1a)(z)∣∣ ≥ |a(z)| − |b(z)| ≥ ε〈z〉m − C〈z〉m−1 ≥ ε
2
〈z〉m
provided |z| ≥ A1 for A1 > 0 sufficiently large. Thus z0 /∈ char(T−1a)
and (T−1a)(x,D)u = aw(x,D)u ∈ S .
The symplectic group Sp(d,R) consists of all matrices A ∈ GL(2d,R)
that satisfy
σ(Az,Az′) = σ(z, z′), z, z′ ∈ R2d,
where the symplectic form σ : R2d × R2d 7→ R is defined by
σ((x, ξ), (x′, ξ′)) = 〈x′, ξ〉 − 〈x, ξ′〉.
To each symplectic matrix χ ∈ Sp(d,R) is associated a unitary op-
erator Uχ on L
2(Rd), determined up to a complex factor of modulus
one, such that
(1.17) U−1χ a
w(x,D)Uχ = (a ◦ χ)w(x,D), a ∈ S ′(R2d)
(cf. [15,21]). Uχ is an homeomorphism on S and on S
′. According to
[22, Proposition 2.2] the global wave front set is symplectically invariant
as follows for u ∈ S ′(Rd).
(1.18) (x, ξ) ∈ WF (u) ⇐⇒ χ(x, ξ) ∈ WF (Uχu) ∀χ ∈ Sp(d,R),
or, in short, WF (Uχu) = χWF (u) for all χ ∈ Sp(d,R) and all u ∈
S ′(Rd).
Finally we shall recall and prove some inclusions for the action of
pseudodifferential operators with symbols in the Shubin classes G∞
on the global wave front set in terms of the conic support and the
characteristic set.
Proposition 1.9. If u ∈ S ′(Rd) and a ∈ Gm then
WF (aw(x,D)u) ⊆ WF (u)
⋂
conesupp(a)
⊆ WF (u) ⊆ WF (aw(x,D)u)
⋃
char(a).(1.19)
Proof. The first inclusion in (1.19) is identical to [22, Proposition 2.5],
and the second inclusion is trivial, so it suffices to prove the third
inclusion. Suppose that 0 6= z0 /∈ WF (aw(x,D)u) and z0 /∈ char(a). By
Definition 1.4 and Proposition 1.7 there exists b ∈ G0 and an open conic
set Γ ⊆ T ∗(Rd) \ {(0, 0)} containing z0 such that bw(x,D) aw(x,D)u ∈
S and
|a(z)| ≥ ε〈z〉m, z ∈ Γ, |z| ≥ A,
b(z) = 1, z ∈ Γ, |z| ≥ A,
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for some ε, A > 0. The asymptotic expansion (1.9) gives b#a = ba + c
where c ∈ Gm−2. Therefore we have, provided z ∈ Γ and |z| ≥ A, for
some C > 0
|b#a(z)| ≥ |b(z)a(z)| − |c(z)| ≥ ε〈z〉m (1− ε−1C〈z〉−2) .
By possibly augmenting A it follows that z0 /∈ char(b#a). Thus z0 /∈
WF (u), which means that we have proved the third inclusion in (1.19).

Corollary 1.10. If a ∈ Gm, u ∈ S ′(Rd) and char(a) = ∅, then
WF (aw(x,D)u) = WF (u).
The following result is [22, Proposition 2.4].
Proposition 1.11. If u ∈ S ′(Rd), a ∈ Gm, and
conesupp(a) ∩WF (u) = ∅,
then aw(x,D)u ∈ S .
Corollary 1.12. Let u ∈ S ′(Rd). Then WF (u) = ∅ if and only if
u ∈ S (Rd).
Proof. If WF (u) = ∅ then by Proposition 1.11 aw(x,D)u ∈ S for any
a ∈ G∞, in particular a = 1 which gives u ∈ S . On the other hand, if
u ∈ S (Rd) then aw(x,D)u ∈ S for any a ∈ G∞. Since we may choose
a such that z /∈ char(a) for any given z ∈ T ∗(Rd) \ {(0, 0)}, it follows
that WF (u) = ∅. 
2. Rapid decay of the short-time Fourier transform in a
cone
In this section we first introduce a new global wave front set, defined
in terms of rapid decay of the STFT in conical sets, and denoted by
WF ′(u).
Definition 2.1. If u ∈ S ′(Rd) and ϕ ∈ S (Rd) \ {0} then for z0 ∈
T ∗(Rd) \ {(0, 0)} we say that z0 /∈ WF ′(u) if there exists an open conic
set Γz0 ⊆ T ∗(Rd) \ {(0, 0)} containing z0 such that
sup
z∈Γz0
〈z〉N |Vϕu(z)| <∞ ∀N ≥ 0.
It follows that WF ′(u) is a closed conic subset of T ∗(Rd) \ {(0, 0)}.
The main goal of this section is to show some invariance and prepara-
tory results. These will serve on the one hand to give a quick proof
of the identity WF ′(u) = WF (u) for u ∈ S ′(Rd) in Section 3, and
on the other hand for the main result in Section 4, which concerns the
first inclusion of Proposition 1.9 for symbols a ∈ S00,0. We also show
that the rapid decay in a conic set in Definition 2.1 may be relaxed
to discrete rapid decay in a conic set intersected with a lattice that
generates a Gabor frame, i.e. we prove WF ′(u) = WFG(u).
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Proposition 2.2. Let f be a measurable function that satisfies
(2.1) |f(x)| . 〈x〉M , x ∈ Rd,
for some M ≥ 0, suppose x0 ∈ Rd \ {0}, and suppose there exists an
open conic set Γ ⊆ Rd \ {0} containing x0 such that
(2.2) sup
x∈Γ
〈x〉N |f(x)| <∞ ∀N ≥ 0.
If
(2.3) g ∈
⋂
s≥0
L1s(R
d)
then for any open conic set Γ′ ⊆ Rd \ {0} such that x0 ∈ Γ′ and
Γ′ ∩ Sd−1 ⊆ Γ, we have
(2.4) sup
x∈Γ′
〈x〉N |f ∗ g(x)| <∞ ∀N ≥ 0.
Proof. Let ε > 0. We estimate and split the convolution integral as
|f ∗ g(x)| ≤
∫
〈y〉≤ε〈x〉
|f(x− y)| |g(y)| dy︸ ︷︷ ︸
:=I1
+
∫
〈y〉>ε〈x〉
|f(x− y)| |g(y)| dy︸ ︷︷ ︸
:=I2
.
Consider I1. Since 〈y〉 ≤ ε〈x〉 we have x− y ∈ Γ if x ∈ Γ′, |x| ≥ 1, and
ε is chosen sufficiently small. Let N ≥ 0 be arbitrary. The assumptions
(2.2) and (2.3) give
(2.5)
I1 .
∫
〈y〉≤ε〈x〉
〈x− y〉−N |g(y)| dy . 〈x〉−N
∫
Rd
〈y〉N |g(y)| dy
. 〈x〉−N , x ∈ Γ′, |x| ≥ 1.
Next we estimate I2 using (2.1):
(2.6)
I2 .
∫
〈y〉>ε〈x〉
〈x− y〉M |g(y)| dy
. 〈x〉M
∫
〈y〉>ε〈x〉
〈y〉−M−N 〈y〉2M+N |g(y)| dy
. 〈x〉M−M−N
∫
Rd
〈y〉2M+N |g(y)| dy
. 〈x〉−N , x ∈ Rd,
again using (2.3). A combination of (2.5) and (2.6) proves (2.4). 
The following corollary says that the condition of rapid decay of the
STFT in an open cone in the phase space, containing a given nonzero
vector, does not depend on the window function taken in S \ {0}.
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Corollary 2.3. Let u ∈ S ′(Rd), ϕ ∈ S (Rd) \ {0} and z0 ∈ T ∗(Rd) \
{(0, 0)}. Suppose there exists an open conic set Γ ⊆ T ∗(Rd) \ {(0, 0)}
containing z0 such that
(2.7) sup
z∈Γ
〈z〉N |Vϕu(z)| <∞ ∀N ≥ 0.
Then for any open conic set Γ′ ⊆ T ∗(Rd) \ {(0, 0)} such that z0 ∈ Γ′
and Γ′ ∩ S2d−1 ⊆ Γ, and any ψ ∈ S (Rd) \ {0}, we have
sup
z∈Γ′
〈z〉N |Vψu(z)| <∞ ∀N ≥ 0.
Proof. By [16, Lemma 11.3.3] we have for z ∈ R2d
|Vψu(z)| ≤ (2pi)−d ‖ϕ‖−2L2 |Vϕu| ∗ |Vψϕ|(z), ψ ∈ S (Rd) \ {0},
and by [16, Theorem 11.2.3] we have for some M ≥ 0
|Vϕu(z)| . 〈z〉M , z ∈ R2d.
Since
Vψϕ ∈ S (R2d) ⊆
⋂
s≥0
L1s(R
2d),
the result follows from Proposition 2.2. 
By Corollary 2.3, WF ′(u) does not depend on the window function
ϕ ∈ S \ {0}.
We now restate the definition (0.2) of the Gabor wave front set
WFG(u), given in the Introduction. Here we require rapid decay not
in a conic open set containing a given phase space direction z0, but
instead rapid decay only in such a conic set intersected with a lattice
that together with the window function generates a Gabor frame.
Definition 2.4. Let ϕ ∈ S (Rd) \ {0}, and define the lattice Λ =
αZd × βZd ⊆ R2d where α, β > 0 are sufficiently small to ensure that
{Π(λ)ϕ}λ∈Λ is a Gabor frame for L2(Rd). If u ∈ S ′(Rd) and z0 ∈
T ∗(Rd)\{(0, 0)} we say that z0 /∈ WFG(u) if there exists an open conic
set Γz0 ⊆ T ∗(Rd) \ {(0, 0)} containing z0 such that
sup
λ∈Λ∩Γz0
〈λ〉N |Vϕu(λ)| <∞ ∀N ≥ 0.
The following result shows that the wave front sets in Definition 2.1
and Definition 2.4 are equal.
Theorem 2.5. If u ∈ S ′(Rd) then WF ′(u) =WFG(u).
Proof. The inclusion WFG(u) ⊆ WF ′(u) is trivial, so we need only
prove
(2.8) WF ′(u) ⊆WFG(u).
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Suppose 0 6= z0 /∈ WFG(u). Then there exists an open conic set Γ ⊆
T ∗(Rd) \ {(0, 0)} containing z0 such that
(2.9) sup
λ∈Λ∩Γ
〈λ〉N |Vϕu(λ)| <∞ ∀N ≥ 0.
By (1.5) and (1.4) we have
(u, g) =
∑
λ∈Λ
Vϕu(λ) (Π(λ)ϕ˜, g), g ∈ S (Rd),
where ϕ˜ = S−1ϕ ∈ S . If we define
u1 =
∑
λ∈Λ∩Γ
Vϕu(λ) Π(λ)ϕ˜,
u2 =
∑
λ∈Λ\Γ
Vϕu(λ) Π(λ)ϕ˜,
then Vϕu(z) = Vϕu1(z) + Vϕu2(z). For α, β ∈ Nd arbitrary and λ =
(λ1, λ2) with λ1, λ2 ∈ Rd, (2.9) gives∣∣xβ∂αu1(x)∣∣ ≤ ∑
λ∈Λ∩Γ
|Vϕu(λ)|
∣∣xβ∂αΠ(λ)ϕ˜(x)∣∣
.
∑
λ∈Λ∩Γ
|Vϕu(λ)|
∑
γ≤α
(
α
γ
)
〈x− λ1〉|β|〈λ1〉|β|
∣∣(iλ2)α−γei〈λ2,x〉∂γ ϕ˜(x− λ1)∣∣
.
∑
λ∈Λ∩Γ
|Vϕu(λ)|〈λ〉|α|+|β|+2d+1−2d−1 .
∑
λ∈Λ
〈λ〉−2d−1 <∞, x ∈ Rd.
It follows that u1 ∈ S (Rd) and hence Vϕu1 ∈ S (R2d).
Let Γ′ ⊆ T ∗(Rd)\{(0, 0)} be an open conic set such that z0 ∈ Γ′ and
Γ′ ∩ S2d−1 ⊆ Γ. Then
inf
06=λ∈Λ\Γ, z∈Γ′
∣∣∣∣ λ|λ| − z
∣∣∣∣ = ε > 0,
and therefore |λ−z| ≥ ε|λ| holds when 0 6= λ ∈ Λ\Γ and z ∈ Γ′. Since
Vϕϕ˜ ∈ S (R2d) and
|Vϕu(z)| . 〈z〉M , z ∈ R2d,
for some M ≥ 0, this gives for N ≥ 0 arbitrary and z ∈ Γ′
〈z〉N |Vϕu2(z)| .
∑
λ∈Λ\Γ
|Vϕu(λ)| 〈λ〉N〈z − λ〉N |(Π(λ)ϕ˜,Π(z)ϕ)|
.
∑
λ∈Λ\Γ
〈λ〉M+N〈z − λ〉N |Vϕϕ˜(z − λ)|
.
∑
λ∈Λ\Γ
〈λ〉M+N〈z − λ〉N−2N−M−2d−1
.
∑
λ∈Λ
〈λ〉M+N−N−M−2d−1 <∞.
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Since we have already proved Vϕu1 ∈ S (R2d), it follows that
sup
z∈Γ′
〈z〉N |Vϕu(z)| <∞ ∀N ≥ 0,
i.e. z0 /∈ WF ′(u), which concludes the proof of (2.8). 
A combination of Theorem 2.5 with Corollary 2.3 shows thatWFG(u)
does not depend on the pair (ϕ,Λ) of window function in S \ {0} and
lattice defined by α, β > 0 as long as these generate a Gabor frame for
L2(Rd).
We proceed with the preparatory results in order to show WF ′(u) =
WF (u) for u ∈ S ′(Rd) in Section 3, and Theorem 4.1 in Section 4. Let
a(x,D) be the Kohn–Nirenberg quantization of a ∈ Sm0,0, and let ϕ ∈
S (Rd) with ‖ϕ‖L2 = 1. Consider the kernel K(y′, η′; y, η) ∈ S ′(R4d)
of the linear operator
(2.10) Vϕ a(x,D)V
∗
ϕ : S (R
2d) 7→ S ′(R2d),
so that
(2.11) Vϕ(a(x,D)u)(y
′, η′) =
∫
R2d
K(y′, η′; y, η) Vϕu(y, η) dy dη.
Direct computations (see for example [26, pp. 58–59]) show that we
may express the kernel K by the integral
(2.12)
K(y′, η′; y, η) = (2pi)−2d ei〈y,η〉
×
∫
R2d
ei(〈x,ξ〉−〈y,ξ〉−〈x,η
′〉) a(x, ξ) ϕ̂(ξ − η)ϕ(x− y′) dx dξ,
y′, η′, y, η ∈ Rd.
Proposition 2.6. Let a ∈ S00,0 and let K ∈ C∞(R4d) be defined by
(2.12). For every integer N ≥ 0 we have
(2.13) |K(y′, η′; y, η)| . 〈y − y′〉−2N 〈η − η′〉−2N , (y′, η′; y, η) ∈ R4d.
Moreover, if m ∈ R, a ∈ Sm0,0 and a(z) = 0 for z ∈ Γ \ BR2d where
Γ ⊆ T ∗(Rd)\{(0, 0)} is open and conic and R > 0, then for every open
conic set Γ′ ⊆ T ∗(Rd) \ {(0, 0)} such that Γ′ ∩ S2d−1 ⊆ Γ, we have for
all integers N ≥ 0
(2.14)
|K(y′, η′; y, η)| . 〈y − y′〉−2N〈η − η′〉−2N〈y′〉−4N〈η′〉−4N ,
(y′, η′) ∈ Γ′, (y, η) ∈ R2d.
Remark 2.7. The estimates (2.13), which we shall recapture in the
subsequent proof, are actually well known, see for example [17], [26,
pp. 58–59], [30].
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Proof. By a linear change of variables in (2.12) we obtain
|K(y′, η′; y, η)|
= (2pi)−2d
∣∣∣∣∫
R2d
ei(〈x,η−η
′+ξ〉+〈ξ,y′−y〉) a(x+ y′, ξ + η) ϕ̂(ξ)ϕ(x)dx dξ
∣∣∣∣ .
Writing for any N,M ∈ N
ei(〈x,η−η
′+ξ〉+〈ξ,y′−y〉)
= 〈η − η′ + ξ〉−2M(1−∆x)Mei(〈x,η−η′+ξ〉+〈ξ,y′−y〉)
= 〈y − y′〉−2N〈η − η′ + ξ〉−2M(1−∆x)Mei(〈x,η−η′+ξ〉)(1−∆ξ)Nei(〈ξ,y′−y〉)
and integrating by parts we have
(2.15)
|K(y′, η′; y, η)|
= (2pi)−2d〈y − y′〉−2N
∣∣∣∣∫
R2d
ei(〈x,η−η
′〉+〈ξ,y′−y〉) λN,M(y
′, η′, η, x, ξ) dx dξ
∣∣∣∣
where
λN,M(y
′, η′, η, x, ξ)
= (1−∆ξ)N
(
ei〈x,ξ〉〈η − η′ + ξ〉−2M(1−∆x)M
(
a(x+ y′, ξ + η) ϕ̂(ξ)ϕ(x)
))
.
For a ∈ Sm0,0 and N,M ∈ N arbitrary we have the estimates
(2.16) |λN,M(y′, η′, η, x, ξ)| . 〈η − η′ + ξ〉−2M〈ξ + η〉m 〈x〉−k 〈ξ〉−k
for any k ≥ 0, since ϕ ∈ S . Using
〈η − η′ + ξ〉−2M . 〈η − η′〉−2M〈ξ〉2M ,
and picking k > d+ 2M + |m|, the estimate
(2.17)
|K(y′, η′; y, η)| . 〈y − y′〉−2N〈η − η′〉|m|−2M〈η′〉|m|, y′, η′, y, η ∈ Rd,
is now easily proved by substitution of (2.16) into (2.15). At this point
(2.13) follows inserting m = 0 and M = N .
Next we prove (2.14) under the assumptions m ∈ R, a ∈ Sm0,0, a(z) =
0 for z ∈ Γ \BR2d where Γ ⊆ T ∗(Rd) \ {(0, 0)} is open and conic, R > 0,
and Γ′ ⊆ T ∗(Rd) \ {(0, 0)} is open conic such that Γ′ ∩ S2d−1 ⊆ Γ. We
continue from (2.15) and (2.16) using the support properties of a. Thus
for N,M ∈ N arbitrary we have
(2.18)
|K(y′, η′; y, η)| . 〈y − y′〉−2N〈η − η′〉−M
×
∫
Dy′,η
〈η′ − (ξ + η)〉−M 〈ξ + η〉m 〈x〉−k 〈ξ〉−k+Mdx dξ
where k ≥ 0 is arbitrary, and
Dy′,η = {(x, ξ) ∈ R2d : (x+ y′, ξ + η) ∈ (R2d \ Γ) ∪ BR2d}.
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We want to estimate |K(y′, η′; y, η)| for (y′, η′) ∈ Γ′ and (y, η) ∈ R2d.
There exists ε > 0 that does not depend on x, ξ, y′, η′, y, η such that
(2.19)∣∣∣∣ (y′, η′)|(y′, η′)| − (x+ y′, ξ + η)|(y′, η′)|
∣∣∣∣ ≥ ε,
(y′, η′) ∈ Γ′, |(y′, η′)| ≥ 2R, (x, ξ) ∈ Dy′,η, (y, η) ∈ R2d.
In fact, for (x, ξ) ∈ Dy′,η such that (x+ y′, ξ + η) ∈ BR2d we have∣∣∣∣ (y′, η′)|(y′, η′)| − (x+ y′, ξ + η)|(y′, η′)|
∣∣∣∣ ≥ 1− R2R = 12 ,
and for (x, ξ) ∈ Dy′,η such that (x+y′, ξ+η) ∈ R2d \Γ, the assumption
Γ′ ∩ S2d−1 ⊆ Γ implies (2.19) for some ε > 0. Hence
|(x, η′ − (ξ + η))| ≥ ε|(y′, η′)|,
(y′, η′) ∈ Γ′, |(y′, η′)| ≥ 2R, (x, ξ) ∈ Dy′,η, (y, η) ∈ R2d,
which gives
〈y′〉〈η′〉 . 〈x〉2〈η′ − (ξ + η)〉2
when (y′, η′) ∈ Γ′, |(y′, η′)| ≥ 2R, (x, ξ) ∈ Dy′,η, (y, η) ∈ R2d. For
(y′, η′) ∈ Γ′, |(y′, η′)| ≥ 2R and (y, η) ∈ R2d we obtain∫
Dy′,η
〈η′ − (ξ + η)〉−M 〈ξ + η〉m 〈x〉−k 〈ξ〉−k+Mdx dξ
. 〈y′〉−M/2〈η′〉−M/2〈η〉|m|
∫
R2d
〈x〉M−k〈ξ〉|m|−k+Mdx dξ
. 〈y′〉−M/2〈η′〉−M/2+|m|〈η − η′〉|m|
provided k > M + d+ |m|. Insertion into (2.18) gives
|K(y′, η′; y, η)| . 〈y − y′〉−2N 〈η − η′〉−M+|m|〈y′〉−M/2〈η′〉−M/2+|m|.
If we pick M ≥ 8N + 2|m| then −M + |m| ≤ −2N and −M/2 ≤
−M/2 + |m| ≤ −4N , which finally proves (2.14), since the estimate
(2.14) for |(y′, η′)| ≤ 2R follows from (2.17). 
Corollary 2.8. If m ∈ R, a ∈ Sm0,0 and u ∈ S ′(Rd) then
WF ′(a(x,D)u) ⊆ conesupp(a).
Proof. Suppose 0 6= z0 /∈ conesupp(a). This means that there exists an
open conic set Γ ⊆ T ∗(Rd)\{(0, 0)} with z0 ∈ Γ, such that a(z) = 0 for
z ∈ Γ\BR2d for some R > 0. Let us prove z0 /∈ WF ′(a(x,D)u) by consid-
ering Vϕ(a(x,D)u) with ϕ ∈ S (Rd) and ‖ϕ‖L2 = 1. The assumptions
of the second part of Proposition 2.6 are satisfied. Hence for any open
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conic Γ′ ⊆ T ∗(Rd) \ {(0, 0)} such that z0 ∈ Γ′ and Γ′ ∩ S2d−1 ⊆ Γ we
have from (2.11) and (2.14), for any integer N ≥ 0,
(2.20)
|Vϕ(a(x,D)u)(y′, η′)|
. 〈y′〉−4N〈η′〉−4N
∫
R2d
〈y − y′〉−2N〈η − η′〉−2N |Vϕu(y, η)| dy dη,
(y′, η′) ∈ Γ′.
Using the fact that |Vϕu(y, η)| . 〈(y, η)〉k for some k ≥ 0 and for all
(y, η) ∈ R2d, it follows from (2.20) with N sufficiently large
|Vϕ(a(x,D)u)(y′, η′)| . 〈y′〉−2N〈η′〉−2N
≤ 〈(y′, η′)〉−2N , (y′, η′) ∈ Γ′.
It follows that Vϕ(a(x,D)u) has rapid decay in Γ
′ which proves z0 /∈
WF ′(a(x,D)u). 
Remark 2.9. The statements of Proposition 2.6 and Corollary 2.8 are
valid also if we consider the Weyl quantization instead of the Kohn–
Nirenberg quantization. In fact, if a(x,D) = bw(x,D) then a ∈ Sm0,0 if
and only if b ∈ Sm0,0, see e.g. [15, Theorem 2.37]. The symbols a and b
are related by (see [21, Chapter 18.5])
a(x, ξ) = e
i
2
〈Dx,Dξ〉b(x, ξ) = pi−d
∫
R2d
e−2i〈y,η〉b(x+ y, ξ + η) dy dη
which is interpreted not as an oscillatory integral (because the symbol
class Sm0,0 does not admit those), but instead as a Fourier multiplier
operator in S ′(R2d). Regularizing b ∈ Sm0,0 as bε = bχε where χ ∈
C∞c (R
2d) equals one in a neighborhood of the origin and χε(z) = χ(εz),
we have bε → b and aε → a in S ′ as ε → +0, where aε(x, ξ) =
e
i
2
〈Dx,Dξ〉bε(x, ξ).
Assume that b(z) = 0 for z ∈ Γ \ BR2d where Γ ⊆ T ∗(Rd) \ {(0, 0)}
is open, conic and R > 0, and let Γ′ ⊆ T ∗(Rd) \ {(0, 0)} be open and
conic such that Γ′ ∩ S2d−1 ⊆ Γ. Introduce conic open sets Γ1,Γ′1 ⊆
T ∗(Rd) \ {(0, 0)} such that Γ′ ∩ S2d−1 ⊆ Γ′1, Γ′1 ∩ S2d−1 ⊆ Γ1, and
Γ1 ∩ S2d−1 ⊆ Γ. Integration by parts and
e−2i〈y,η〉 = 〈y〉−2N
(
1− 1
4
∆η
)N
〈η〉−2N
(
1− 1
4
∆y
)N
e−2i〈y,η〉
for any N ∈ N, yield
aε(x, ξ) = pi
−d
∫
R2d
e−2i〈y,η〉〈y〉−2N
×
(
1− 1
4
∆η
)N (
〈η〉−2N
(
1− 1
4
∆y
)N
bε(x+ y, ξ + η)
)
dy dη.
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Provided N > (|m|+ d)/2 we have by dominated convergence
(2.21)
a(x, ξ) = pi−d
∫
Dx,ξ
e−2i〈y,η〉〈y〉−2N
×
(
1− 1
4
∆η
)N (
〈η〉−2N
(
1− 1
4
∆y
)N
b(x+ y, ξ + η)
)
dy dη
where
Dx,ξ = {(y, η) ∈ R2d : (x+ y, ξ + η) ∈ (R2d \ Γ) ∪BR2d}.
As in the proof of Proposition 2.6 we have
〈(y, η)〉 ≥ ε〈(x, ξ)〉, (x, ξ) ∈ Γ1, |(x, ξ)| ≥ 2R, (y, η) ∈ Dx,ξ,
for some ε > 0 that does not depend on x, ξ, y, η. Inserted into (2.21)
this gives, for any M ≥ 0 and α, β ∈ Nd,
〈(x, ξ)〉M |∂αx∂βξ a(x, ξ)| .
∫
Dx,ξ
〈y〉−2N〈η〉−2N〈(x, ξ)〉M〈ξ + η〉m dy dη
.
∫
Dx,ξ
〈(y, η)〉−2N+|m|〈(x, ξ)〉M+|m| dy dη
.
∫
R2d
〈(y, η)〉−2N+2|m|+M dy dη
. 1, (x, ξ) ∈ Γ1,
provided N > |m|+ d+M/2. Thus a behaves like a Schwartz function
in Γ1. Let χ ∈ G0 satisfy supp(χ) ⊆ Γ1 and χ(z) = 1 for z ∈ Γ′1 \B12d.
Then a1 = a(1− χ) ∈ Sm0,0 is zero in Γ′1 \B12d while a2 = a− a1 = aχ ∈
S (R2d). Hence we may decompose the kernel K of Vϕ a(x,D)V
∗
ϕ =
Vϕ b
w(x,D)V ∗ϕ , where ϕ ∈ S and ‖ϕ‖L2 = 1, as K = K1 +K2 where
K1 corresponds to a1 and K2 corresponds to a2. From (2.12) and
a2 ∈ S (R2d) it follows that K2 ∈ S (R4d). It now follows that we may
replace a(x,D) with aw(x,D) in Proposition 2.6. More precisely we
replace K defined by (2.12) by the kernel of the operator (2.10) with
a(x,D) replaced by aw(x,D).
Also Corollary 2.8 holds for the Weyl quantization, in the sense that
(2.22) WF ′(bw(x,D)u) ⊆ conesupp(b)
for m ∈ R, b ∈ Sm0,0 and u ∈ S ′(Rd). In fact, let 0 6= z0 /∈ conesupp(b).
There exists an open conic set Γ ⊆ T ∗(Rd) \ {(0, 0)} such that z0 ∈ Γ
and b(z) = 0 for z ∈ Γ \ BR2d for some R > 0. With a(x,D) =
bw(x,D) we have a ∈ Sm0,0, and as above we have a = a1 + a2 where
a2 ∈ S (R2d) and z0 /∈ conesupp(a1). It now follows from Corollary
2.8 that z0 /∈ WF ′(a1(x,D)u), and a2(x,D)u ∈ S gives finally z0 /∈
WF ′(a(x,D)u) =WF ′(bw(x,D)u).
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We finish this section with a small observation which is another corol-
lary of Proposition 2.6. For the Schwartz kernel H ∈ S ′(R2d) of a pseu-
dodifferential operator a(x,D) (or aw(x,D)) with symbol in a ∈ S00,0,
the corollary shows that the wave front setWF ′(H) ⊆ T ∗(R2d)\{(0, 0)}
is contained in the union of (∆×R2d)\{0} and (R2d×∆′)\{0}, where
∆ and ∆′ denote the diagonal and antidiagonal in Rd×Rd, respectively:
∆ = {(x, x) ∈ R2d : x ∈ Rd}, ∆′ = {(ξ,−ξ) ∈ R2d : ξ ∈ Rd}.
This is rather analogous to the classical wave front set of the Schwartz
kernel of a pseudodifferential operator with symbol in Smρ,δ with 0 <
ρ ≤ 1 and 0 ≤ δ < 1, which is contained in the conormal bundle of the
diagonal in Rd × Rd (cf. [21, Theorem 18.1.16]), i.e.
{(x, x; ξ,−ξ), x, ξ ∈ Rd}.
Corollary 2.10. If a ∈ S00,0 and H ∈ S ′(R2d) is the Schwartz kernel
of a(x,D) then
WF ′(H) ⊆
(
(∆× R2d)
⋃
(R2d ×∆′)
)
\ {0}.
Proof. Let ϕ ∈ S (Rd), ‖ϕ‖L2 = 1, and F,G ∈ S (R2d). As before the
kernel of Vϕa(x,D)V
∗
ϕ is denoted K ∈ S ′(R4d). We have
(K,G⊗ F ) = (Vϕa(x,D)V ∗ϕF,G) = (2pi)d(a(x,D)V ∗ϕF, V ∗ϕG)
= (2pi)d(H, V ∗ϕG⊗ V ∗ϕF ).
Since
(V ∗ϕG⊗ V ∗ϕF )(x, y)
= (2pi)−2d
∫
R4d
G(z)F (w)Π(z)ϕ(x) Π(w)ϕ(y) dz dw
= (2pi)−2d
∫
R4d
G(z1, z2)F (w1, w2)Π(z1, w1; z2,−w2)ϕ⊗ ϕ(x, y) dz dw
= V ∗Φ(T (G⊗ F ))(x, y),
where Φ = ϕ⊗ ϕ and TU(z1, z2;w1, w2) = U(z1, w1; z2,−w2), we may
conclude
VΦH(z, w) = (2pi)
dTK(z, w) = (2pi)dK(z1, w1; z2,−w2).
From Proposition 2.6 it now follows that we have for any N ≥ 0
|VΦH(z, w)| . 〈z1 − z2〉−2N〈w1 + w2〉−2N , z, w ∈ R2d.
If (z0, w0) /∈
(
(∆× R2d) ⋃ (R2d ×∆′)) \ {0} then (z0, w0) ∈ Γ where
Γ ⊆ T ∗(R2d) \ {0} is the open conic set
Γ = {(z, w) ∈ R4d : |z1 + z2| < C|z1 − z2|, |w1 − w2| < C|w1 + w2|}
defined by a sufficiently large constant C > 0. From 2|z1|2 + 2|z2|2 =
|z1 + z2|2 + |z1 − z2|2 it now follows that VΦH decays rapidly in Γ. 
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3. Equality of WF (u) and WF ′(u)
Ho¨rmander [22, Proposition 6.8] proved the equality
WF (u) = WF ′(u), u ∈ S ′(Rd),
when WF ′(u) is defined by means of a Gaussian window function. The
proof in [22] of the inclusion WF ′(u) ⊆ WF (u) is very complicated
with all steps written out explicitly. It is based on the ideas of a
covering ofWF (u) by a finite union of halfplanes of the formHw = {z ∈
R
2d : 〈z, w〉 > 0} for w ∈ S2d−1, a conical partition of unity, symplectic
invariance, reduction to w = e1 (the first standard basis vector in R
2d),
and estimates of the STFT defined by a Gaussian window.
In this section we show that there is a much shorter and natural proof
which is based on time-frequency analysis, the results of Section 2 and
in particular Corollary 2.8. We show WF ′(u) = WF (u) by showing
the two inclusions WF ′(u) ⊆ WF (u) ⊆WF ′(u).
Theorem 3.1. If u ∈ S ′(Rd) then
WF ′(u) ⊆WF (u).
Proof. Suppose 0 6= z0 /∈ WF (u). By Proposition 1.7 there exists
a ∈ G0 with a(z) = 1 when z ∈ Γ \ B12d where Γ ⊆ T ∗(Rd) \ {(0, 0)}
is open, conic and contains z0, such that a
w(x,D)u ∈ S . If b = 1− a
then b ∈ G0, b(z) = 0 when z ∈ Γ \B12d and
u = bw(x,D)u+ aw(x,D)u.
Since aw(x,D)u ∈ S we have WF ′(u) = WF ′(bw(x,D)u). On the
other hand, from Corollary 2.8, Remark 2.9 and the observation G0 ⊆
S00,0:
WF ′(bw(x,D)u) ⊆ conesupp(b).
Since z0 /∈ conesupp(b) we conclude z0 /∈ WF ′(u). 
Theorem 3.2. If u ∈ S ′(Rd) then
WF (u) ⊆ WF ′(u).
Proof. Suppose 0 6= z0 /∈ WF ′(u). Let ψ(x) = exp(−|x|2/2) for x ∈ Rd,
which gives the Wigner distribution
W (ψ)(z) = (4pi)d/2 exp
(−|z|2) , z ∈ R2d.
There exists an open conic set Γ ⊆ T ∗(Rd) \ {(0, 0)} such that z0 ∈ Γ
and
(3.1) sup
z∈Γ
〈z〉N |Vψu(z)| <∞ ∀N ≥ 0.
Let aw(x,D) be the localization operator (cf. [7])
aw(x,D)u(x) =
∫
R2d
b(z) Vψu(z) Π(z)ψ(x) dz
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defined by the symbol b and the window function ψ. Then (cf. [7]
and [33, Theorem 24.1])
a = b ∗W (ψ).
Let Γ′ ⊆ Γ be an open conic set such that z0 ∈ Γ′, Γ′ ∩ S2d−1 ⊆ Γ. Let
b ∈ G0 satisfy 0 ≤ b ≤ 1, supp(b) ⊆ Γ, and b(z) = 1 when z ∈ Γ′ and
|z| ≥ 1. Then a ∈ C∞(R2d) and we have for any α ∈ Nd
|∂αa(z)| ≤
∫
R2d
|∂αb(z − u)| W (ψ)(u) du
.
∫
R2d
〈z − u〉−|α| W (ψ)(u) du
. 〈z〉−|α|
∫
R2d
〈u〉|α| exp (−|u|2) du.
It follows that a ∈ G0.
Let Γ′′ ⊆ Γ′ be an open conic set such that z0 ∈ Γ′′, Γ′′ ∩ S2d−1 ⊆ Γ′.
There exists δ > 0 such that z − u/t ∈ Γ′ provided z ∈ Γ′′, |z| = 1,
|u| ≤ δ and t ≥ 1. Moreover, |z−u| ≥ |z|− δ ≥ 1 provided |u| ≤ δ and
|z| ≥ 1 + δ. These observations give for z ∈ Γ′′ and |z| ≥ 1 + δ
|a(z)| =
∫
R2d
b(z − u) W (ψ)(u) du
≥
∫
|u|≤δ
b(|z|(z/|z| − u/|z|)) W (ψ)(u) du
=
∫
|u|≤δ
W (ψ)(u) du > 0.
Thus z0 /∈ char(a).
Finally we prove aw(x,D)u ∈ S . Using supp(b) ⊆ Γ, b ≤ 1, the
assumption (3.1) and ψ ∈ S , we estimate a Schwartz space seminorm
of aw(x,D)u as follows:
|xβ∂αaw(x,D)u(x)| ≤
∫∫
Γ
|Vψu(t, ξ)| |xβ∂αx (MξTtψ)(x)| dt dξ
.
∑
γ≤α
∫∫
Γ
|Vψu(t, ξ)| |xβξα−γ∂γψ(x− t)| dt dξ
.
∑
γ≤α
∫∫
Γ
|Vψu(t, ξ)| 〈t〉|β|〈ξ〉|α|〈x− t〉|β| |∂γψ(x− t)| dt dξ
.
∫∫
Γ
〈(t, ξ)〉−|α|−|β|−2d−1 〈(t, ξ)〉|α|+|β| dt dξ ≤ Cα,β
for some Cα,β < ∞, for all x ∈ Rd. Since α, β ∈ Nd are arbitrary, it
follows that aw(x,D)u ∈ S . Now we have proved that there exists a ∈
G0 such that aw(x,D)u ∈ S and z0 /∈ char(a), i.e. z0 /∈ WF (u). 
Corollary 3.3. If u ∈ S ′(Rd) then WF (u) =WF ′(u) = WFG(u).
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The corollary motivates the abolition of the notations WF ′(u) and
WF (u) in the rest of the paper, in favor of WFG(u), and allows to
transfer toWFG(u) all the preceding properties ofWF
′(u) andWF (u).
4. A wave front set inclusion for symbols in S00,0
Theorem 4.1. If a ∈ S00,0 and u ∈ S ′(Rd) then
WFG(a
w(x,D)u) ⊆ WFG(u)
⋂
conesupp(a).
Proof. We have (see e.g. [19])
(4.1) S00,0 =
⋂
N≥0
M∞,1vN
where vN is the weight vN(x, ξ) = 〈ξ〉N for (x, ξ) ∈ R2d ⊕ R2d, and
M∞,1vN = M
∞,1
vN
(R2d) is a weighted modulation space. The space M∞,1vN
is also known as a weighted version of Sjo¨strand’s symbol class (cf.
[17, 31, 32]).
Let ϕ ∈ S (Rd) with ‖ϕ‖L2 = 1. Denoting the formal adjoint of
aw(x,D) by aw(x,D)∗, (1.1) gives for z ∈ R2d
Vϕ(a
w(x,D)u)(z) = (aw(x,D)u,Π(z)ϕ)
= (u, aw(x,D)∗Π(z)ϕ)
= (2pi)−d
∫
R2d
Vϕu(w) (Π(w)ϕ, a
w(x,D)∗Π(z)ϕ) dw
= (2pi)−d
∫
R2d
Vϕu(w) (a
w(x,D) Π(w)ϕ,Π(z)ϕ) dw
= (2pi)−d
∫
R2d
Vϕu(z − w) (aw(x,D) Π(z − w)ϕ,Π(z)ϕ) dw.
By (4.1) and [17, Theorem 3.2], for any s ≥ 0 there exists gs ∈ L1s(R2d)
such that
|(aw(x,D) Π(z − w)ϕ,Π(z)ϕ)| ≤ gs(w), z, w ∈ R2d.
With g(w) = supz∈R2d |(aw(x,D) Π(z − w)ϕ,Π(z)ϕ)| we thus have
g ∈
⋂
s≥0
L1s(R
2d),
and
|Vϕ(aw(x,D)u)(z)| . |Vϕu| ∗ g(z), z ∈ R2d.(4.2)
If 0 6= z0 ∈ T ∗(Rd) \ WFG(u) then there exists an open conic set
Γ ⊆ T ∗(Rd) \ {(0, 0)} containing z0 such that
sup
z∈Γ
〈z〉N |Vϕu(z)| <∞ ∀N ≥ 0.
By [16, Theorem 11.2.3] we have for some M ≥ 0
|Vϕu(z)| . 〈z〉M , z ∈ R2d.
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It now follows from (4.2) and Proposition 2.2 that for any open conic
set Γ′ containing z0 such that Γ′ ∩ S2d−1 ⊆ Γ we have
sup
z∈Γ′
〈z〉N |Vϕ(aw(x,D)u)(z)| <∞ ∀N ≥ 0,
which proves that z0 /∈ WFG(aw(x,D)u). Thus we have shown
WFG(a
w(x,D)u) ⊆WFG(u).
The remaining inclusion WFG(a
w(x,D)u) ⊆ conesupp(a) is an imme-
diate consequence of Corollary 2.8, Remark 2.9 and Corollary 3.3. 
Since modulation and translation are invertible operators with Weyl
symbols in S00,0, the result gives the following consequence.
Corollary 4.2. If u ∈ S ′(Rd) and z ∈ R2d then
WFG(Π(z)u) = WFG(u).
5. Comparison with the S -wave front set
Coriasco and Maniccia [11] have studied another type of global wave
front set called the S -wave front set which is adapted to the SG pseu-
dodifferential calculus. It includes as a component the classical wave
front set.
To define the S -wave front set WFS (u) we need some concepts
from [11]. For x0 ∈ Rd, we denote by ϕx0 a function in C∞c (Rd) such
that 0 ≤ ϕx0 ≤ 1 and ϕx0 equals one in a neighborhood of x0. For
ξ0 ∈ Rd \ {0}, we denote by ψξ0 a nonnegative function in C∞(Rd)
supported in a conic open set Γ ⊆ Rd \ {0} containing ξ0, such that
ψξ0(ξ) = 1 when ξ ∈ Γ′ and |ξ| ≥ A for a conic open set Γ′ ⊆ Γ, and
ψξ0(ξ) = 0 for ξ ∈ BRd for some A > R > 0.
Definition 5.1. Let u ∈ S ′(Rd).
(1) If (x0, ξ0) ∈ Rd × (Rd \ {0}) we say that (x0, ξ0) /∈ WFψ(u) if
there exist ϕx0 and ψξ0 such that ψξ0(D)(ϕx0u) ∈ S ;
(2) If (x0, ξ0) ∈ (Rd \ {0}) × Rd we say that (x0, ξ0) /∈ WFe(u) if
there exist ψx0 and ϕξ0 such that ϕξ0(D)(ψx0u) ∈ S ;
(3) If (x0, ξ0) ∈ (Rd\{0})×(Rd\{0}) we say that (x0, ξ0) /∈ WFψe(u)
if there exist ψx0 and ψξ0 such that ψξ0(D)(ψx0u) ∈ S .
Remark 5.2. Item (1) of Definition 5.1, i.e. WFψ(u), is the classical
Ho¨rmander wave front set (cf. [21, Chapter 8]). It can be shown (see
[11]) that the definitions are invariant under a switch of order of the
cut-off operators.
The S -wave front set WFS (u) is defined as follows [11].
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Definition 5.3. Let u ∈ S ′(Rd) and (x0, ξ0) ∈ T ∗(Rd)\{(0, 0)}. Then
(x0, ξ0) /∈ WFS (u) if one of the following conditions is satisfied:
(x0, ξ0) ∈ (Rd \ {0})× (Rd \ {0}) and (x0, ξ0) /∈ WFψ(u) ∪WFe(u) ∪WFψe(u),
(x0, ξ0) ∈ {0} × (Rd \ {0}) and (x0, ξ0) /∈ WFψ(u), or
(x0, ξ0) ∈ (Rd \ {0})× {0} and (x0, ξ0) /∈ WFe(u).
According to [11, Theorem 3.8] we have WFS (u) = ∅ if and only if
u ∈ S , similarly to the corresponding result for WF (u) (cf. Corollary
1.12 and [22, Proposition 2.4]).
Example 5.4. Let u = δx0 ∈ S ′(Rd) where x0 ∈ Rd. Then by [11,
Example 2.5] we have WFe(u) =WFψe(u) = ∅ and
(5.1) WFS (δx0) =WFψ(δx0) = {x0} × (Rd \ {0}).
In order to determine WFG(δx0), we may assume that x0 = 0 by
Corollary 4.2. The STFT of δ0 is
Vϕδ0(x, ξ) = (δ0,MξTxϕ) = ϕ(−x),
where ϕ ∈ S (Rd) \ {0}. Hence |Vϕδ0(0, tξ)| = |ϕ(0)| for any ξ ∈ Rd
and t > 0, and if we assume ϕ(0) 6= 0 it follows that
{0} × (Rd \ {0}) ⊆WFG(δ0).
Let on the other hand (x0, ξ0) ∈ R2d \ {(0, 0)} satisfy x0 6= 0. Then
(x0, ξ0) ∈ Γ where the conic open set Γ ⊆ R2d \ {(0, 0)} is defined by
Γ = {(x, ξ) ∈ R2d \ {(0, 0)} : C|x| > |ξ|}
for some C > 0. We have for (x, ξ) ∈ Γ and N ≥ 0
sup
(x,ξ)∈Γ
〈(x, ξ)〉N |Vϕδ0(x, ξ)| . sup
x∈Rd
〈x〉N |ϕ(−x)| <∞,
and therefore (x0, ξ0) /∈ WFG(δ0). We conclude that
(5.2) WFG(δx0) = WFG(δ0) = {0} × (Rd \ {0}).
Comparing (5.2) with (5.1) we may draw the following two conclu-
sions. There are no general inclusion relations between WFG(u) and
WFS (u) for u ∈ S ′, and in this example the classical wave front set
and WFS (u) give finer information than WFG(u).
Example 5.5. Here we consider u(x) = ei〈x,ξ0〉 ∈ S ′(Rd) for ξ0 ∈ Rd.
The classical wave front set WFψ(u) = ∅ since u ∈ C∞(Rd), and
WFψe = ∅ (cf. [11, Example 2.5]). From [11, Lemma 2.4] we have
WFS (u) =WFe(u) = (R
d \ {0})× {ξ0}.
Let us compute WFG(u). By Corollary 4.2 we may assume ξ0 = 0,
that is u ≡ 1. The STFT is given by Vϕ1(x, ξ) = (1,MξTxϕ) so that
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|Vϕ1(x, ξ)| = |ϕ̂(−ξ)|. Hence |Vϕ1(tx, 0)| = |ϕ̂(0)| for any x ∈ Rd and
t > 0. If ϕ̂(0) 6= 0 it follows that
(Rd \ {0})× {0} ⊆WFG(1).
Arguing as in Example 5.4 we conclude
WFG(e
i〈·,ξ0〉) =WFG(1) = (R
d \ {0})× {0}.
So in this example the classical wave front set does not identify any
singularity, whereas WFS (u) gives finer information than WFG(u).
Example 5.6. Let d = 1, c ∈ R \ {0} and u(x) = eicx2/2, x ∈ R.
According to [11, Example 2.7] we have WFψ(u) = WFe(u) = ∅ and
(5.3) WFS (u) =WFψe(u) = (R \ {0})× (R \ {0}).
To computeWFG(u), consider the STFT given by Vϕu(x, ξ) = (u,MξTxϕ)
where ϕ(y) = e−y
2/2. Standard computations give
|Vϕu(x, ξ)| = C exp
(
−(ξ − cx)
2
2(1 + c2)
)
with C > 0. Similar arguments as above show then
(5.4) WFG(u) = {(x, cx) : x ∈ R \ {0}}.
Comparing (5.4) with (5.3) we conclude that WFG(u) gives finer infor-
mation than WFS (u) for this example.
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